A warm fermionic AdS star under a homogeneous magnetic field is explored. We obtain the relativistic Landau levels by using Dirac equation and use the Tolman-Oppenheimer-Volkoff (TOV) equation to study the physical profiles of the star. Bulk properties such as sound speed, adiabatic index, and entropy density within the star are calculated analytically and numerically. Bulk temperature increases the mass limit of the AdS star but external magnetic field has the opposite effect. The results are partially interpreted in terms of the pre-thermalization process of the gauge matter at the AdS boundary after the mass injection. The entropy density is found to demonstrate similar temperature dependence as the magnetic black brane in the AdS in certain limits regardless of the different nature of the bulk and Hawking temperatures. Total entropy of the AdS star is also found to be an increasing function of the bulk temperature and a decreasing function of the magnetic field, similar behaviour to the mass limit. Since both total entropy and mass limit are global quantities, they could provide some hints to the value of entropy and energy of the dual gauge matter before and during the thermalization.
I. INTRODUCTION
Duality between gravity and gauge theory in spacetime with different dimensionalities has been discovered by Maldacena in 1998 [1] . The type-IIB string theory in AdS 5 ×S 5 is conjectured to be dual to a gauge theory in four dimensional Minkowski spacetime (M 4 ) at the boundary of the AdS space. The correspondence can be used as a complementary method to study the strongly coupled gauge theory in four dimensional Minkowski spacetime, a cousin of quantum chromodynamics, by avoiding the uncontrollable non-perturbative calculation via the application of weak-strong duality. We can deal with this problem by alternatively performing calculations in the tractable weakly interacting string theory in five (plus five compact dimensions which provide details that are not relevant here) dimensional Anti de Sitter space (AdS 5 ). The duality is extended to a finite temperature situation by adding a horizon in the radial coordinate [2] . The string theory in an AdS space with black hole horizon in the radial direction is proposed to be dual to a gauge theory at finite temperature.
The duality is made quantitative in the sense that the Hawking temperature in the bulk theory corresponds to the temperature of the gauge theory on the boundary. The AdS/CFT correspondence provides the first string-theoretic example of the underlying generic principle of the holographic duality (i.e. the holographic principle).
The idea of holographic duality was originally proposed by 't Hooft [3] in a generic quantum gravity situation involving a gravitational horizon. The precise string theoretic version was given by Susskind [4] . When an object falls into a black hole, it will be stretched, torn apart into bits and eventually the bits will be smeared out over the horizon. Consequently, all of the bulk information is spread over the horizonal surface resulting in an effective boundary description of the bulk theory. The bulk world is holographically encoded on the boundary. Connection between AdS space and holography was further clarified by Witten [5] after discovery of the AdS/CFT correspondence.
Given an AdS space, the weakly-coupled bulk gravity theory corresponds to a stronglycoupled boundary gauge theory. Adding a black hole to the AdS space, the dual gauge theory on the boundary becomes thermal with the temperature equal to the corresponding Hawking-Page temperature of the background [6] . It is thus interesting to investigate the intermediate situation where there exists a massive object before gravitational collapse into a black hole in the AdS space and search for the dual description in the gauge theory side. It is argued in Ref. [7, 8] that the degenerate fermions in the AdS correspond to the composite multitrace operator constructed from product of single trace operators in the large central charge limit on the boundary. It is not unreasonable to think of this "free" fermionic operator as the conformal cousin of a QCD nucleon such as neutron and proton. These "free fermions", however, still interact with each other by the colour-singlet interaction of order 1/N assuming negligible in the large N limit. The colour-singlet (glueball) exchange on the boundary corresponds holographically to the gravitational interaction in the bulk. While gravity pulls the bulk mass together causing the gravitational collapse, the colour-singlet interaction should be responsible for the deconfinement phase transition of the injected mass in the dual picture.
Arguably, the gravitational collapse of the star in the AdS would correspond to a thermalization process of the dual gauge matter on the boundary [9] [10] [11] [12] [13] [14] [15] . Consideration of the mass limit of the fermionic star in the AdS bulk could reveal certain details of the prethermalization process in the dual gauge picture. The mass limit of the AdS star corresponds to the minimum amount of injected mass required in order for the boundary gauge matter to start the thermalization process (since the bulk gravitational collapse starts when injected mass exceeds the mass limit). Specifically, it is also interesting to ask what the dual object of the bulk temperature is on the boundary world before black hole formation? Should it correspond to some parameter characterizing the superheated phase of gauge matter before the start of the thermalization? Moreover, what is the exact nature of the colour-singlet (glueball exchange) interaction responsible for the deconfinement of the dual gauge matter into the thermalized deconfined plasma (which is the dual picture of the gravitational collapse caused by gravity)?
The heavy-ion collision experiments at RHIC and CERN's LHC (Large Hadron Collider) smash two charged ions at extreme energies, producing dense and hot nuclear matter with properties of the strongly coupled plasma. In the vicinity of the collision point, the induced magnetic field could be enormous [16] . Understanding the physics of dense hot nuclear plasma under such circumstances requires nonperturbative treatments of the strong inter-action and the holographic method is one option. One holographic dual of the magnetized nuclear matter at finite temperature is proposed to be a magnetized black brane in the AdS space [17] . It was found that the entropy density of the magnetized brane in the AdS obeys the third law of thermodynamics with entropy S ∼ T (temperature) for small temperature.
In this article, we consider a fermionic star in the holographic AdS 5 background in the presence of external magnetic field at finite bulk temperature. The mass limit and other properties of the star is studied with respect to the changes in the magnetic field and bulk temperature. Even though there is no complete understanding of the dual description in the gauge theory side of this situation, we argue certain aspects of the duality. In Section II, the Tolman-Oppenheimer-Volkoff (TOV) equation [18, 19] in the background AdS 5 is calculated starting from the general dimensionality. The energy levels of the bulk charged fermions in the presence of the magnetic field are calculated in the flat space approximation. The pressure and density of the bulk fermions at finite field and temperature are subsequently derived. Section III presents analytic and numerical results for each case of finite temperature and field. The mass limits depend crucially on the field and bulk temperature. The massradius relations for each case are discussed in Section IV. The bulk adiabatic index and sound speed of the fermions inside the AdS star are discussed in Section V. The entropy density and total entropy in the bulk are also computed. Section VI investigates the dependence of mass limit on the AdS radius. Section VII contains further discussions and summary of our results.
II. HOLOGRAPHIC STAR UNDER EXTERNAL MAGNETIC FIELD
The study of the magnetized star in the AdS space consists of two main calculations.
First, the pressure and energy density need to be calculated for the system of charged fermions in the magnetic field at arbitrary temperature. The star will be assumed electrically neutral and we will focus only on the effect of magnetic field to the charged particles.
At zero temperature, the energy states of the charged fermions in the magnetic field are separated naturally into Landau levels. The partition function in the macrocanonical ensemble of these energy levels will provide the generic expression for the pressure and energy density of the fermionic system at finite temperature. The pressure and energy density are subsequently used in the equation of state required by the TOV equation in the 5-dimensional AdS spacetime. Even though we will focus on interpreting the results of the bulk AdS star in terms of the dual gauge theory, the calculations in the bulk picture are self-consistent and satisfactorily describe a real magnetized fermionic star in the 5-dimensional AdS spacetime.
A. The Equations of Hydrostatic Equilibrium for a Spherical Symmetric Star in d dimensions
In order to study the behaviour of a degenerate star in d-dimensional AdS spacetime, we derive the spherical symmetric TOV equation in d dimensions as given in Appendix A. In the presence of external magnetic field, the pressure of the fermionic matter in the star is actually anisotropic due to the quantization of the energy levels. However, in the classical limit where the momentum in the direction of the magnetic field is much larger than the square root of the magnetic field, < p
3 , the pressure becomes isotropic [20, 21] and the spherical symmetric TOV equation is applicable. The resulting equations of motion describing the AdS star in the spherical symmetric approximation are T (r) = T 0 µ(r)/µ 0 for the temperature T (r), and
where B(r) = (1 −
To solve the equations of motion, we need the equation of state or the explicit expression of P (r), ρ(r) in terms of the chemical potential µ(r). Standard evaluation of the partition function requires the layout of energy states of the fermionic system which can be obtained in the following subsection.
B. Relativistic Landau Energy Level in 5 dimensions
We now solve the Dirac equation to find the relativistic energy level of a charged fermion in the presence of external magnetic field in the 5 dimensional spacetime. As an approximation, we will ignore the effect of curvature on the energy levels of the fermions. The effects of gravity and the AdS curvature will be considered only through the Einstein equations stated in the previous subsection. Starting from the Dirac equation in flat space
where m is the mass of the fermion. The gamma matrices are chosen to be in the Dirac representation as the following
where 1 and σ are 2 × 2 identity matrix and Pauli matrices respectively. We will consider only the positive energy solution since we are interested in the particle not the antiparti-
. Let = 1 and consider a particle in an external magnetic field, the effect of the magnetic field can be taken into account by adding the field momentum, p µ → p µ − qA µ . We will choose the magnetic field to point in the z direction and uniformly distributed over the entire x, y, z space. The equation of motion of the fermion in 5 dimensional space becomes
where g s (= 2s + 1) is a spin degeneracy independent of j. The degeneracy is proportional to the field and vanishes for B → 0. The discrete energies from the degrees of freedom of the plane perpendicular to the magnetic field is called the Landau levels, characterizing the statistical properties of the fermionic system. Extension to finite temperature situation can be done by considering the corresponding partition function.
C. Pressure and Energy Density under Magnetic Field at Finite Temperature
Thermodynamical pressure and energy density of the magnetized fermion gas can be calculated from the grand canonical partition function given by ln Z = 1 h 2 ∞ −∞ dp z dp AdS dzdx AdS
∞ −∞ dp z dp AdS
Use the Euler-Maclaurin formula (see Appendix B) and certain tricks of integration, we finally have the pressure in the asymptotically approximated form
e y + 1 dy
Likewise the energy density is given by
∞ −∞ dp z dp AdS dzdx AdS
Again, use the Euler-Maclaurin formula and tricks of integration, so that ρc
(e y + 1) dy
Both expressions for the pressure and energy density are in the remarkable form with the dependence on B separated out in simple quadratic functions. The integrations can be cast into logarithmic and polylogarithmic functions depending only on the temperature (and not the field) as are shown in the next section.
III. NUMERICAL RESULTS
In this section, the equations of motion, Eqn. (1), (2) (9) and (11) to obtain
where Li s (z) = A. Case I, zero temperature and zero magnetic field This is the condition of degenerate star in AdS 5 considered in Ref. [7] . The fermions degenerate into the lowest possible energy states filling the energy levels up until the Fermi energy in 5 dimensions. In this limit, the pressure and the energy density, Eqn. (12), (13),
First, the surface of the star can be defined at the radial distance, R, where the pressure becomes zero. Apparently from Eqn. (14a), the pressure is zero when µ(r = R) = mc 2 . On the other hand, from Eqn. (14b), the density vanishes when µ/mc 2 = −1.3848, 1. Therefore in this case, both the pressure and energy density become zero at the radius R where µ(R) = mc 2 .
The accumulated mass, the chemical potential, the density and the pressure distribution of the star versus the radius are presented in Figure 1 and 2. Relations between the total mass and the central chemical potential/density of the degenerate star are shown in Figure 3 .
From the numerical solution, the edge of the degenerate star is at r = 17.6922 where the pressure drops to zero. In Figure 1 (a), the accumulated mass grows rapidly, in particular for the interval between r = 0 and r = 5. Beyond the central region, the accumulated mass increases less rapidly and becomes steady. The behavior of the accumulated mass is determined by the density and the pressure distribution within the star. Initially, both the energy density and pressure in Figure 2 , decrease rapidly then they drop to zero more gradually at larger distance. The chemical potential also behaves similarly( Figure 1(b) ). gauge matter. Therefore, the mass limit corresponds to the minimum injected mass required by the dual gauge matter to start the thermalization process into the thermal equilibrium.
After deconfinement thermalization, the dual gauge matter is in thermal equilibrium at the Hawking temperature at this mass limit, i.e. T gauge = T H with [22] T H = 1 πℓ
where the horizon radius r
for AdS 5 . Note that the mass dependence of the Hawking-Page temperature in the limit of large (r + ≫ ℓ) and small (r + ≪ ℓ) black hole in the AdS is
respectively.
It is interesting to note that for r + /ℓ < 1/2 (small black hole with negative specific heat after the gravitational collapse), the higher the mass limit, the smaller temperature the dual gauge matter would thermalize to. This corresponds to M < 3ℓ 2 /4C 4 = 9π/32 (for ℓ = 1, approximately 0.8836). The mass limit of our AdS star for T, B = 0 is roughly 0.767
and therefore the black hole at the end of gravitational collapse for AdS star at this mass limit is a small black hole with small negative specific heat.
B. Case II, zero temperature and finite magnetic field
For this case, the magnetic field is turned on and the mass limit and other properties at zero temperature are studied by comparing to the results of Case I. Since the changes from case I is small, we will present the results using the numerical differences between the two cases. Starting from the pressure and energy density for nonzero magnetic field
Observe that the pressure of the star has almost the same form as the pressure in Case I.
The correction term to the pressure from the magnetic field contains the factor µ −mc 2 . The density appears to be smaller due to the contribution from the term −mc
Since the pressure vanishes at µ = mc 2 as in case I, the surface of the star is defined in the similar way, at µ(R) = mc 2 . Interestingly at this radius, the density becomes negative
due to the interaction energy between the fermion's magnetic moment and the external field.
Interestingly, there is a critical field strength where the density becomes zero,
where u ≡ µ/mc 2 is a rescaled chemical potential. For magnetic field stronger than this critical value, the energy density becomes negative and there is no star formation or black hole in the bulk. Since there is no horizon in the bulk, the dual gauge matter is at zero temperature under extremely strong magnetic field.
Likewise, there is a critical field where the pressure becomes zero,
For u > 1, B ′ c is always smaller than B c , therefore the pressure becomes negative before the density as the field is increased. At u = 1, both B c and B ′ c are zero. For numerical study, the magnetic field strength is chosen to be 0.10 and 0.20 for our consideration. However, in the outer region of the star, the effect of the magnetic field becomes dominant resulting in the decrease of the density. Accumulated mass eventually becomes smaller than the mass in case I.
The maximal mass or the mass limit of the AdS star when the magnetic field is turned on is smaller than the mass limit in case I. Therefore the dual gauge matter under magnetic field thermalizes to larger temperature when the accumulated mass exceeds the mass limit even though it requires smaller injected mass in order to start the thermalization. Gravitational collapse of an AdS star under strong magnetic field corresponds to thermalization of the magnetized gauge matter from zero to finite temperature. Remarkably, the thermalized temperature (at the mass limit) is larger than when the field is absent previously discussed in case I. The magnetized gauge matter thermalizes more easily by requiring smaller injected mass, and also becomes hotter after the deconfinement thermalization.
C. Case III, finite temperature and zero magnetic field For finite bulk temperature, the bulk fermions become thermal in the AdS space. Since the kinetic energy of the particles increases, the pressure becomes larger and the star grows bigger. Again, we study the small changes in the mass limit and other properties of the star by comparing the results to the zero temperature case. The pressure and energy density, Eqn. (12), (13) 
It is interesting to investigate the large temperature limit, k B T ≫ mc 2 , µ. In this limit, the polylogarithmic function becomes a zeta function Li s (−1) = −(1 − 2 1−s )ζ(s) and thus
If we assume the star to be in a uniform temperature, this implies that the thermal fermions are not confined within a finite-size star when the temperature is sufficiently large, i.e.
The result is not surprising, any particles with sufficiently large kinetic energy will escape the gravitational influence of the star.
We set temperature values in the simulation unit to be 0 − 0.3. Figure 6 show that temperature increasing hardly affects the mass limit. For this case, the surface of star is defined at µ(r = R) = mc 2 since the density and pressure do not necessarily reduce to zero. The maximum masses increase with the bulk temperature. This is because the small increase in the temperature affects the Fermi-Dirac distribution very slightly. Most particles are still in the same quantum states, mostly degenerate, and a very small part of the particles occupy higher energies than the Fermi energy and exert more pressure. Increasing temperature thus results in a small increase of pressure and energy density. Consequently, To interpret the results in the dual gauge picture, caution has to be made regarding the bulk temperature. During the thermalization process corresponding to the gravitational collapse in the gravity picture, the gauge matter is not in thermal equilibrium until a black hole is formed when the mass injection exceeds the mass limit. A zero-bulk-temperature AdS star collapsing into a black hole becomes thermal at nonzero Hawking temperature due to the emergence of a horizon. Therefore, the bulk temperature does not correspond to any sort of temperature of the gauge matter on the boundary world. One of the effects of the bulk temperature of the fermions in the AdS star is the increase of mass limit. Once a black hole is formed from gravitational collapse of the warm AdS star, the corresponding Hawking temperature is always smaller than the the zero bulk temperature case. After thermalization process, the dual gauge matter will be in thermal equilibrium at lower temperature than the case of zero bulk temperature collapse. However, the total injected energy is larger than the zero bulk temperature case. The bulk temperature thus serves as a parameter which delays the onset of the thermalization process as well as reducing the temperature of the resulting thermal equilibrium.
Certainly, the dual gauge matter at exactly the same temperature can be alternatively achieved by injecting mass into a black hole in AdS space, increasing its mass and reducing the corresponding Hawking temperature (however, if we keep increasing the black hole mass, it will finally become large black hole with positive specific heat and the temperature will start to increase with the mass). This choice would correspond to in-equilibrium thermalization where the gauge matter is always kept at thermal equilibrium as temperature decreases.
The final thermal equilibrium at certain temperature can always be achieved by infinitely many different thermalization processes.
D. Case IV, finite temperature and finite magnetic field
We now consider effects from both the finite bulk temperature and nonzero magnetic field to the mass limit and other properties of the star. The equations of state have the full form according to Eqn. (12) and (13) . Again, it is interesting to consider the extreme limit of large temperature in the presence of the magnetic field. For nonzero field, the pressure in this limit becomes
provided that the field B is also comparably large. From Eqn. (24) , the star will have definite surface at finite radius when B ∝ T 2 . Sufficiently hot star requires sufficiently strong field to confine its fermionic content.
We see the similar behaviour as in case II and III, temperature increase leads to the increase of the mass limit whereas the effect of the magnetic field is the opposite. In Fig.   8 , when we set the field B = 0.01, the temperature T = 0.3 has stronger effect on the profile of the star. The mass limit becomes larger than the mass limit in the case of the zero temperature and magnetic field. Similar to case III, when the temperature increases, the mass limit grows larger (the upper line in the Fig. 8 ). However, if the magnetic field is enhanced further to B = 0.5, the mass limit becomes smaller than the zero-field zerotemperature mass limit. Namely, the influence of the magnetic field has overcome those of the temperature when it is sufficiently large.
Let us summarize implications for the thermalization of the dual gauge matter from the results in this mixed situation with T, B > 0. Generically, turning on the bulk temperature results in a larger mass limit in the AdS space while finite magnetic field leads to a smaller mass limit. If the injected mass exceeds the mass limit, gravitational collapse will occur and we end up with a black hole. The injected mass at the mass limit is also the minimum mass required for the dual gauge matter to start the thermalization. The Hawking temperature of the black hole can be identified with the temperature of the dual gauge matter at thermal equilibrium after the non-equilibrium thermalization process corresponding to the collapse, it is larger (smaller) for finite field (bulk temperature) than the collapse with T, B = 0. The field and the bulk temperature compete with opposite effects.
For zero-field finite temperature collapse, the final black hole has higher mass and thus corresponds to small temperature of the gauge matter. The final equilibrium at the same temperature can be achieved via in-equilibrium process by injecting mass into a black hole resulted from gravitational collapse of an AdS star with T, B = 0 (case I). On the contrary, when the field is turned on, we need to extract mass from a magnetized black hole, reducing its mass and increasing its Hawking temperature in order to achieve the thermal equilibrium at the same temperature and magnetic field.
The black hole immersed in the constant magnetic field in 4 dimensions was originally investigated in Ref. [23] . Extension to the magnetized black hole in AdS 5 spacetime is required to fully understand the holographic description of the strongly coupled magnetized gauge matter, one such solution (magnetic brane) is discussed in Ref. [17] . It is found that the entropy density of the black brane in AdS 5 is proportional to T for small T and has a T 3 dependence for higher temperatures. We will calculate the entropy density of the AdS star and compare to the case of magnetic brane in Section V. However, as stated above, we have assumed the field is not sufficiently strong that it affects the spacetime of the background and our analyses are thus limited to the moderate magnetic field situation.
IV. MASS-RADIUS RELATIONS
The mass sequences diagram of the AdS star for each case can be presented by the massradius plot of the star as shown in Fig. 9 . Figure 9 (a) is the mass-radius sequence for case I with zero temperature and zero magnetic field. The stars in this case have larger radius than case II (zero temperature, finite field) in Fig. 9 (b) but smaller radius than case III (zero field, finite temperature) in Fig. 9(c) . Interesting competition between temperature and magnetic field can be seen in Fig. 9(d) , a sufficiently large field helps to confine the fermions within a finite-size star even for relatively higher temperatures comparing to case III. For sufficiently high temperature, the mass-radius curve can change the way it spirals to the attractor fixed point at µ(0) → ∞. For B = 0 in Fig. 9(c) , the curve with T = 0.3 "oscillates down" to the fixed point from the small radii instead of the typical anticlockwise spiralling. This is because at this temperature the radius of the star is an increasing function of µ(0) with no oscillation as we can see from Fig. 6(b) . For B = 0.1 in Fig. 9(d) , the curve with T = 0.3, "oscillates down" to the fixed point from the large radii without spiralling.
It should be remarked that for case I and III (zero field), the mass at the attractor fixed point for µ(0) → ∞ is around 0.7. For case II and IV at B = 0.1, the fixed point mass for µ(0) → ∞ is around 0.68. The radius of the AdS star at the fixed point decreases with the field but does not depend very sensitively on the temperature.
V. THE ADIABATIC INDEX, SOUND SPEED, ENTROPY DENSITY AND TO-TAL ENTROPY OF THE ADS STAR
Many interesting physical properties of the fermions squeezed within the AdS star by its own gravity can be illustrated by certain thermodynamic and transport quantities. In this section, we consider two transport coefficients, the adiabatic index and sound speed of the AdS fermionic matter for each limiting case. The entropy density and total entropy of the AdS star are discussed subsequently.
Generically the adiabatic index, Γ, and the sound speed, c s , of a medium are defined as
which can be calculated through the dependence on the chemical potential µ of both P and ρ. The general expressions for both quantities are very lengthy but they are simplified for the zero-temperature limit.
For T = 0, finite B,
where u ≡ µ/mc 2 is the rescaled chemical potential and v ≡ µ B B/mc 2 is the rescaled magnetic energy of the fermions.
For T, B = 0,
A number of remarks are in order for the zero-temperature limit. From Eqn. (27) and (29), the sound speed for the nonzero field case (v 2 > 0) is shown to be larger than the case with B = 0. For B = 0 since µ ≥ mc 2 (u ≥ 1), the sound speed is always real and the upper limit of c s is always smaller than 1/2 or half the speed of light. For nonzero field, reality condition of c s leads to the constraint v ≤ √ 3(u 2 − 1)/2. Namely, for a given u, the upper limit on the magnetic field for ordinarily-compressible fermionic matter is
On the other hand, the upper limit from the light speed c s ≤ 1 is satisfied trivially for any value of B.
Numerical results for each case are presented in Fig. 10 When a thermodynamical system is injected with energy until it reaches a thermal equilibrium, the total energy density, pressure and number density are related to the entropy density by the relation sT = P + ρ − µn where the entropy density in our case can be computed via content of the AdS star at finite temperature can be calculated to be
The entropy density of the fermion gas approaches zero as T → 0, a typical behaviour from a quantum ensemble satisfying the third law of thermodynamics. In the low temperature limit, the last two terms of Eqn. (32) remain dominant and thus
It is interesting to compare the T -dependence of our entropy density with the magnetized black hole studied in Ref. [17] where s ∼ T for small temperatures and s ∼ T 3 for larger temperatures. In our case of the fermions in the AdS star, the origin of the temperature dependence is the typical behaviour of free relativistic fermi gas persisting in any dimensions.
For the magnetized AdS black hole, the entropy is determined from the central charge of the AdS 3 subspace of AdS 3 × T 2 interpolating with the AdS 5 . However, it must be aware that the bulk temperature of the AdS star and the Hawking temperature of the black hole are two distinct kinds of temperature. Only the latter corresponds to the temperature of dual gauge matter at a thermal equilibrium.
The entropy density of the magnetized fermion gas given by Eqn. (32) also depends on the magnetic field s ∼ B 2 . The dependence nevertheless vanishes in the T → 0 limit. However, this formula is the result of the Euler-Maclaurin formula which is a good approximation for k B T ≫ µ B B, i.e. sufficiently high temperature. For smaller temperatures, starting with Eqn. (8), the zeroth mode becomes dominant and the field-dependence becomes s ∼ ∂ T ln Z ∼ B. This is also similar to the behaviour of the magnetized black brane [17] .
The entropy density from two numerical solutions are shown in Fig. 11 . Since s is an increasing function of T , the star at relatively small temperatures will have smaller entropy density. For small temperatures or small entropy density, we can approximate sT ≪ P, ρ, µn leading to P + ρ ≃ µn. Next we calculate the total entropy of the AdS star which should be equivalent to the entropy of the dual gauge matter before the thermalization. The total entropy of the star should be the lower bound of the total entropy of the black hole at the end of gravitational collapse when the mass of the AdS star exceeds the mass limit. This black hole entropy in turn corresponds to the total entropy of the dual gauge matter at the end of thermalization.
T, B
In d dimensions, the total entropy is given by
where the volume factor the total entropy is an increasing function of the star radius. This is a similar behaviour to the accumulated mass which is also a global quantity. Remarkably, the total entropy converges to zero in the attractor fixed point µ(0) → ∞ limit. As the central density grows, the content of the AdS star concentrates more in the central region resulting in the decrease of total entropy towards zero (the volume weighing factor r 3 enhances contribution in the outer region in contrast to the core).
The black hole at the end of gravitational collapse should possess at least the same amount of total entropy as the initial AdS star above the mass limit. The second law of thermodynamic demands that the entropy of the AdS star above the mass limit is always less than the black hole entropy after the collapse [25] . The entropy increase could continue until it reaches the maximum when a black hole is formed [26] . Unfortunately, the time evolution of the entropy during the gravitational collapse is not completely known. Partially because the thermal entropy is ill-defined during off-equilibrium processes and partially due to the geometric nature of black hole entropy at the end of the collapse. There are other kinds of entropy that can be assigned to the AdS star and the black hole. The entanglement entropy quantifies how much we do not know about the region behind the horizon and it is consistent with the geometric nature of the Bekenstein-Hawking entropy of the black hole.
Entanglement entropy is found to increase in a different manner from the Kolmogorov-Sinai entropy [14, 15] during the collapse. However, all kinds of entropy are found to increase approximately linearly during the initial state of the gravitational collapse and saturate to a constant value at the end.
Each maximum of the M-S curve in Fig. 13 corresponds holographically to the entropy of the dual gauge matter at the beginning of the thermalization process. It is also proportional to entropy of the black hole after gravitational collapse assuming the linear progression to the saturated Bekenstein-Hawking entropy mentioned above. Arguably, the increase of entropy of the dual gauge matter from the injected mass state to the thermal equilibrium should also be the linear progression following by saturation as well. Note that the entropy is not maximal at the maximal mass nor the maximal radius as we can see from Fig. 12, 13 .
VI. DEPENDENCE OF MASS LIMIT ON THE ADS RADIUS
We vary the curvature radius of the AdS space, l, and study the changes in the profile of the star in this section. For simplicity, we will set the temperature and the external magnetic field to be zero. We let the curvature radius to be 1, 3, 5 and 7, and observe considerable changes in the mass limit of the star as are shown in Fig. 14 
VII. CONCLUSIONS AND DISCUSSIONS
In this work we have found that both temperature and external magnetic field affect the mass limit and other physical properties of the fermionic AdS star. The increase of bulk temperature enables the pressure and energy density of the star to increase. Consequently, the mass limit becomes slightly greater due to the larger pressure. This is the typical behavior of the Fermi gas at finite temperature. Too large temperature results in the the fermions refusing to be confined within a finite-size star, they will leak to the space inevitably.
In the presence of external magnetic field, the mass limit decreases when the magnetic field increases. As we can see from Eqn. (12) and (13), an increase in the magnetic field results in a smaller energy and pressure density as well as a smaller chemical potential.
The mass limit becomes smaller naturally. There is an interesting competition between the temperature and the magnetic field to the density profile and mass limit of the star.
Extremely strong magnetic field tends to make the bulk fermions stay in the Landau states with lower energies whilst the temperature causes the particles to flee the star.
The radius of curvature of the AdS space also affects the mass limit evidently. When the radius of curvature increases, the mass limit increases substantially as are shown in Fig. 14 .
Interestingly, the peak of the mass limit curve shifts to the lower central density side.
Gravitational collapse in the AdS space has holographic dual in terms of the nonequilibrium thermalization of the gauge matter on the boundary. Even though the Hawking temperature of the black hole at the end of the gravitational collapse can be matched with the temperature at thermal equilibrium of the gauge matter at the end of thermalization, the bulk temperature of the AdS star does not seem to have such a straightforward relationship with the dual gauge matter. The Hawking temperature of the resulting black hole is not directly related to the temperature of the fermionic star before the collapse but inversely proportional to the mass of the star. Therefore it is the mass limit studied in our work which corresponds to the temperature of the gauge matter at the thermal equilibrium after thermalization, i.e. T gauge ∼ 1/ 3/32πM limit (the black hole formed at our mass limit is small AdS black hole with negative specific heat, the precise relationship is given in Eqn. (15)), for a given mass injection M limit in the dual gauge picture. The mass limit also plays the role of the minimum injected mass required for the dual gauge matter to undergo the thermalization into the thermal equilibrium. Larger mass limit means that it requires more injected energy to thermalize, and once it thermalizes, the gauge matter will be at lower Hawking temperature.
It should be remarked that the AdS black holes formed at the end of the gravitational collapse of the AdS stars at our mass limits are small black holes with negative specific heat.
They are previously thought to be less thermodynamically preferred than the AdS vacuum in the context of the AdS/CFT correspondence and only the large AdS black hole with positive specific heat was considered relevant for the dual of the thermal gauge matter. However, inevitable collapse at the mass limits corresponding to small AdS black holes suggest that there might exist the phase of thermal gauge matter with negative specific heat dual to these black holes at the end of the gravitational collapse. Injecting more mass would make these
AdS black holes and their gauge duals eventually become thermodynamically stable with positive specific heat.
Entropy density of the AdS star under uniform magnetic field is found to show interesting behaviour; s ∼ T for small and s ∼ T 3 for higher bulk temperatures. Such T -dependence is typical for free fermion gas (modulo the magnetic field existence) and it is amusingly similar to the T -dependence of the magnetic black brane entropy in the AdS [17] even though the latter is the Hawking-Page temperature of the brane, not the bulk temperature of the material making up the brane itself. Nevertheless, the correspondence between the bulk and boundary exists throughout the gravitational collapse as long as the background is the AdS. The holographic duality suggests that the Hilbert spaces of both the gravity and gauge theory as well as their partition functions are equivalent. A global probe for the number of degrees of freedom on both sides of the duality is the entropy. The total entropy of the AdS star above the mass limit, which indicates the lower bound of the black hole entropy at the end of gravitational collapse, should also be the lower bound of the total entropy of the gauge matter at the end of thermalization in the dual picture, S gauge S AdS . We found that the entropy (at the mass limit) of the AdS star is an increasing (decreasing) function of the temperature (magnetic field), similar behaviour to the mass limit.
The remaining unanswered question is the exact correspondence between the gravita- perfect fluid, the energy-momentum tensor is given by
where we use a spherically symmetric metric in d dimensions in the polar coordinates [24] 
The Lagrangian of this metric is then given by
We will use the Euler-Lagrange equation to find the equations of motion and read off the connections,
Consider t component, the equation of motion is
and the connections are After some calculations, we have
Consider G 
If we consider an AdS space(with a negative cosmological constant, Λ), then the Einstein equation reads
and equation (A18) becomes 
where
Finally we obtain the coupled equations of motion from equation (A24) and (A27)
Moreover, when we consider the energy momentum conservation ∇ µ T µ ν = 0 by letting ν = r and P r = P θ 1 = . . . = P θ i = . . . = P θ d−2 = P , A → A 2 , it leads to the TOV equation in
Next we want to rewrite this equation in the form containing thermodynamic quantities such as the chemical potential, the entropy, and the temperature of matter within the spherically symmetric star. From thermodynamic relations involving the entropy density s;
s dT = dP − n dµ,
the TOV equation can be rewritten as
implying two equations to be satisfied simultaneously
The temperature 
The coupled equations of motion can then be written in terms of the accumulated mass and chemical potential as the following
